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Chapter  I 
I VTROOUCT I ON 

1.1.  Introduction 

An  important  area  of  Statistical  Inference  relates  to  the 
problem  of  assessing  the  conformity  or  goodness  of  fit  of  some  observa- 
tions to  a null  hypothesis.  This  hypothesis  may  be  that  the  observations 
came  from  a distribution  which  belongs  to  a given  family  or  may  be  a 
completely  specified  distribution.  A statistical  procedure  which  solves 
such  a problem  is  called  a test  of  goodness  of  fit. 

This  thesis  is  concerned  with  the  problem  of  testing  the 
goodness  of  fit  of  a sample  drawn  from  a continuous  bivariate  distribu- 
tion, where  the  null  hypothesis  is  that  the  true  distribution  is  a 
completely  specified  one.  A test  is  developed,  where  the  test  criterion 
is  based  in  some  functions  of  a subset  of  order  statistics,  functions 
which  depend  on  the  distribution  under  the  null  hypothesis. 

By  order  statistics  from  a bivariate  distribution  we  will 
understand  the  following,  he  order  the  sample  by  the  first  coordinate 
and  we  select  some  of  the  ordered  first  coordinates  as  strip  limits, 
for  the  points  in  the  interior  of  each  strip,  we  order  their  second 
coordinate  and  will  consider  some  of  those.  Our  test  criterion  is 


based  on  some  functions  of  the  strip  limits  and  on  functions  of  those 
second  coordinates  ordered  within  each  strip. 

The  distribution  theory  on  which  this  test  is  based  will  show 
the  asymptotic  joint  normality  of  those  functions  of  the  subset  of 
order  statistics  on  which  the  test  criterion  is  based  on,  assuming  that  as 
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the  sample  size  increases,  we  gradually  increase  the  number  of  strips, 
that  in  each  strip  the  number  of  those  ordered  second  coordinate  we 
consider  is  also  gradually  increased,  that  we  move  slowly  into  the  tails 
for  both  coordinates,  that  for  each  sample  size  n , the  derivative  of 
the  marginal  probability  density  function  (p.d.f.)  exists  and  its 
absolute  value  is  bounded  by  a number  depending  on  n , that  the  deriva- 
tive of  the  conditional  marginal  p.d.f.  for  the  second  coordinate  within 
each  strip,  conditional  on  the  strip  limits,  exists  and  its  absolute 
value  is  bounded  by  a number  depending  on  n , that  for  each  n , there 
exist  bounds,  which  depend  on  n , for  both  marginals  mentioned  above. 
This  distribution  theory  allows  the  distribution  from  which  we  sample 
to  depend  on  n . Those  order  statistics  taken  into  consideration, 
are  standardized  and  the  standardization  depends  on  the  true  distri- 
bution. 

Using  a general iza cion  of  the  concept  of  limiting  distribution, 
asymptotic  equivalence,  which  allows  us  to  handle  the  case  where  the 
dimension  of  the  multivariate  random  variables  depends  on  n , we 
will  prove  that  those  functions  of  the  subset  of  order  statistics  are 
asymptotically  equivalent  to  a multivariate  normal  with  mean  zero  and 
known  coveriance  matrix. 

As  the  test  criterion  is  the  quadratic  form  of  this  multivariate 
normal  it  follows  that  under  the  null  hypothesis,  its  distribution 
approaches  the  chi-square  distribution  with  degrees  of  freedom  known 
and  depending  on  the  number  of  strips  and  the  number  of  order  statistics 
considered  within  the  strips. 


j.L.,1,  )j  ij|iii|..|iiyiiwi'i«»=.H^pi'j|i<i  I Iff)  !■■  t I'JII.P.I  ■iii.iili^ii|wp.|,.i;u,i-»Mppi>iiii^..i.»lii.in.p»i.?M  t" 

i 

3 

1.2.  Summary 

In  Section  1.1  we  have  given  an  overview  of  the  problem  ami  of 
the  results  obtained,  and  in  Section  1 . 3 we  give  a review  on  the 
historical  background.  In  this  Section  we  outline  briefly  the  contents 
of  this  thesis. 

In  Chapter  II  we  study  the  asymptotic  distribution  of  a gradually 
increasing  number  of  some  functions  of  order  statistics  from  a continuous 
bivariate  distribution. 

In  Section  2.1  we  will  introduce  the  concept  of  order  statistics 
from  a bivariate  distribution,  and  for  each  n , we  will  define  some 
functions  of  them,  functions  which  depend  on  the  distribution.  For 
each  n , we  will  define  a multivariate  random  variable,  whose  dimen- 
sionality increases  with  n and  we  will  also  define  a multivariate 
normal  variable  with  the  same  dimensionality  as  the  other  one  for 
each  n . 

In  Section  2.2  we  will  state  the  assumptions  that  will  hold 
throughout  Chapter  II  and  deduce  from  them  some  results. 

In  Section  2.3  we  will  explicitly  show  the  joint  probability 
density  function  of  both  the  functions  of  the  order  statistics  and  the 
multivariate  normal,  and  we  will  state  some  results  useful  for  the 
proofs  of  Section  2.4. 

In  Section  2.4  we  will  prove  that  both  sequences  of  multivariate 
random  variable,  in  one  case  the  functions  of  the  order  statistics  and 
in  the  other  the  multivariate  normal,  are  asymptotically  equivalent. 

In  Chapter  III,  we  are  going  to  develop  a bivariate  test  of 
goodness  of  fit,  for  testing  the  hypothesis  that  the  sample  comes 
from  a completely  specified  continuous  bivariate  distribution. 
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In  Section  3.1  we  propose  the  test  of  goodness  of  fit,  whose 
test  criterion  is  based  on  the  functions  of  order  statistics  defined 
in  Section  2.1. 

In  Section  3.2  wc  show  that  in  a particular  case  the  random 
variable  used  as  test  criterion  has  under  the  alternative  approximately 
a noncentral  chi-square  distribution  with  noncentrality  parameter  known 
and  known  degrees  of  freedom.  We  also  give  a concrete  example,  which 
satisfies  all  the  assumptions  given  in  Section  2.2. 

In  Appendix  A we  present  the  concept  of  asymptotic  equivalence 
of  sequences  of  multivariate  random  variables,  whose  dimensionality 
depends  on  the  position  in  the  sequence.  The  historical  background  is 
given  in  Section  A.  1 and  the  concept  and  some  basic  results  are 
presented  in  Section  A.  2. 

The  notation  used  in  Sections  1.3  and  A.l  are  independent  of 
that  used  in  the  rest  of  the  thesis,  and  the  notation  we  adopt  in  this 
thesis  will  be  introduced  as  it  is  needed  in  the  development. 

1.3.  Historical  Background 

Historically,  the  first  clear  use  of  a test  of  goodness  of  fit 
seems  to  have  been  by  Bernoulli  [2],  regarding  the  closeness  of  orbital 
planes  cf  the  planets  to  one  another  and  to  the  equatorial  p’ane  of 
the  sun. 

1.3.1.  The  Chi-Square  Test  of  Goodness  of  Fit 

Karl  Pearson  [16],  was  the  first  one  to  give  a proposal  for  the 
general  use  of  such  a procedure  in  a broad  class  of  situations,  namely 
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his  chi-square  test  of  goodness  of  fit,  where  the  essential  features  of 

this  type  of  procedure  were  presented  without  ambiguity.  In  this 

2 

pioneering  paper  he  introduced  his  X -test  criterion  and  he  realized  that 
this  criterion,  under  certain  circumstances  follows  the  chi-square 
distribution.  Pearson  essentially  operated  as  follows:  He  divided  the 

observations  into  k-cells,  defined  x^  as  the  number  of  observations 
which  lie  in  cell  i , let  itl  be  the  expected  number  of  observations 

2 r (Vmi)2 

falling  in  cell  i and  defined  X ■ ) . He  first  dealt 

, , m . 

i«l  l 

with  the  case  where  m.  ( 1 <i < k ) are  known  numbers.  He  assumed  that 

l ‘ " 

the  x^  may  br  taken  as  normally  distributed,  so  implicitly  he  was 

committed  to  the  assumption  that  the  expectations  m^  are  large  for  all 

2 

cells,  and  he  proved  that  if  the  null  hypothesis  is  true  X has 
asymptotically  a chi-square  distribution  with  (k-1)  degrees  of  freedom. 
The  test  rejects  the  null  hypothesis  if  X2  is  too  large. 

Pearson  established  the  necessary  distribution  theory  for 
finding  significance  levels  when  the  null  hypothesis  provides  the  exact 

values  for  the  nr  (l<,i<k)  , but  he  did  not  show  that  the  exact 

2 

distribution  of  X , always  discontinuous,  actually  approaches  chi- 
square  as  a limiting  distribution.  A fully  rigorous  proof  may  be  found 
in  Cramer  [4]. 

Fisher  [6],  generalized  the  procedure  for  the  problem  when 
the  expected  number  of  observations  lying  in  each  cell  are  estimated 
from  the  sample. 

The  exact  distribution  for  X2  , for  fixed  sample  size,  is 
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usually  extremely  complicated,  and  for  this  reason  most  of  the  literature 
concentrates  on  generalizing  the  procedure  for  large  sample  size. 
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Following  those  early  papers  in  the  area,  rhere  is  an  extensive 
literature  trying  to  improve  different  aspects  of  the  teat.  Yates  [19], 
under  certain  conditions,  introduced  a correction  for  continuity. 

Neyman  [15],  showed  that  if  we  test  the  null  hypothesis  that  the  expec- 
tations are  m^  when  in  fact  they  are  m^  and  if  ,m^  and  the 
significance  level  are  kept  fixed,  then  as  n increases,  the  power  of 

the  test  tends  to  1. 

2 

When  X is  used  to  test  the  hypothesis  that  the  observations 
cane  from  a continuous  distribution,  we  oust,  in  order  to  apply  the  test, 
decide  in  advance  how  to  group  the  observations  into  cells.  Both  the 
number  of  cells  and  the  division  points  between  cells  are  at  our 
disposal,  and  the  choices  we  make  will  affect  the  sensitivity  of  the 
test.  Mann  and  Wald  [13]  and  Gumbel  [8]  suggested  choosing  the  cells 
such  that  each  cell  has  the  same  expected  number,  namely  n/k  . Other 
authors,  recently  suggested  using  randomly  assigned  cell  limits. 

Nevertheless,  in  testing  the  hypothesis  that  the  sample  came 
from  a given  continuous  distribution  versus  the  alternative  that  it 
came  from  a continuous  distribution  belonging  to  a given  family,  the 
power  of  the  test  is  very  poor  for  an  alternative  where  each  test  cell 
has  the  same  expected  number  under  both  the  null  hypothesis  and  this 
alternative,  no  matter  how  large  the  sample  size. 

This  is  not  the  unique  criticism  that  the  traditional  form  of 
the  chi-square  test  has  undergone,  but  we  only  mention  this  particular 
one  because  the  test  based  on  a gradually  increasing  number  of  order 
statistic  proposed  by  Weiss  [22]  meets  this  objection  and  we  are 
generalizin'’  his  results  for  the  bivariate  case. 
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1.3.2.  The  Kolmogorov-Saimov  Test  of  Goodness  of  Fit 

Kolmogorov  [12]  and  Smirnov  [17]  have  suggested  a test  of  goodness 
of  fit.  A brief  description  of  the  test  for  the  univariate  case  would  be 
the  following: 

Let  X.,X. X be  random  variables  drawn  from  an  unknown 

12  n 

cumulative  distribution  function  F(x)  , let  S (x)  be  the  observed 

n 

^ f X ) 

cumulative  step  function  of  the  sample,  (i.e.  , S^fx)  ■ — ^ where  k(x) 

is  the  number  of  observations  less  or  equal  to  x ),  called  the  empirical 
c.d.f. , then  the  sampling  distribution  of  » supx  | F (x) (x)  | is 
known,  and  is  independent  of  F(x)  , if  F(x)  is  continuous. 

Therefore,  a natural  test  of  goodness  of  fit  for  testing  the 
nypothesis  that  F(x)  ■ Fg(x)  . a continuous  specified  c.d.f.,  is  to 
reject  the  hypothesis  if  sup^  | FQ Cx) -S^ (x)  | > d^a)  , where  ^(a) 
is  taken  from  a table. 

Kolmogorov-Smi  mov  proved  that  has  a limiting  distribution 

as  n increases.  A table  for  the  limiting  distribution  was  given  by 
Smirnov  [18]. 

Although  the  criticism  we  were  applying  to  the  chi-square  test 
does  not  apply  to  the  Kolmogorov-Smi  mov , unfortunately  when  we  are 
interested  in  testing  goodness  of  fit  for  a continuous  bivariate  distri- 
bution, D^'s  distribution  depends  on  the  true  distribution  of  the 
observation,  even  when  the  null  hypothesis  is  true  (i.e.,  it  is  not 
distribution- free  any  more)  and  actually  its  distribution  is  difficult  to 


I 


compute. 


1.3.3.  Weiss  Test  of  Goodness  of  Fit 


Weiss  [22]  developed  a test  of  goodness  of  fit,  for  the  problem 
of  testing  the  hypothesis  that  the  sample  comes  from  a continuous 
univariate  distribution  completely  specified.  His  test  criterion  is  a 
quadratic  form  of  some  standardized  order  statistics,  standardization 
which  depends  on  the  true  distribution. 

The  test  is  based  on  the  asymptotic  normality  of  a gradually 
increasing  number  of  order  statistics.  The  number  of  order  statistics 
he  considered,  depends  on  the  sample  size  n . He  assumed  the  existence 
of  the  derivative  of  the  p.d.f.  and  that  the  ■bjolute  value  is  bounded 
by  a n depended  number.  That  as  n increases,  he  moves  slowly  into 
the  tails.  That  the  p.d.f. 's  are  bounded  from  above  and  below  by 
numbers  depending  on  n . And  that  there  exist  some  asymptotic 
conditions  between  all  these  elements,  and  between  them  and  the  number 
of  order  statistics  which  are  between  those  considered.  The  standard- 
ization is  made  with  the  population  quantile,  its  p.d.f.  value  and  it  is 
assumed  that  the  ordered  statistic  is  the  corresponded  sample  quantile. 
It  is  also  assumed  that  the  number  of  order  statistics  considered 
increases  as  n increases. 

As  the  test  criterion  is  the  quadratic  form  valued  at  those 
standardized  order  statistics,  under  the  null  hypothesis,  its  distri- 
bution approximates  the  chi-square  distribution  with  as  many  degrees 
of  freedom  as  number  of  order  statistics  considered. 
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Chapter  II 


ON  THE  ASYMPTOTIC  JOINT  NORMALITY  OF  A GRADUALLY  INCREASING  NUMBER 
OF  SOME  FUNCTIONS  OF  ORDER  STATISTICS  FROM  A CONTINUOUS 
BIVARIATE  DISTRIBUTION 


2.0.  Introduction 


This  chapter  is  concerned  with  the  asymptotic  joint  distribution 
of  a gradually  increasing  number  of  order  statistics  from  a continuous 
bivariate  distribution. 

In  Section  2.1  we  will  introduce  the  concept  of  order  statistics 
from  a bivariate  population,  and  for  each  sample  size  n , we  will 
define  some  functions  of  them,  functions  which  depend  on  the  distribution. 
Then  for  each  n , we  will  define  some  multivariate  random  variable,  whose 
dimensionality  increases  with  n . We  will  also  define  some  multivariate 
normal  variable,  with  the  same  dimension  as  the  one  depending  on  the 
order  statistics. 

In  Section  2.2  we  will  state  the  assumptions  that  will  hold 
throughout  this  chapter  and  deduce  from  them  some  useful  results. 

In  Section  2.3  we  will  explicitly  show  the  joint  probability 
density  function  of  both  the  functions  of  the  order  statistics  and  the 
multivariate  normal,  and  we  will  state  some  elementary  results,  which 
will  be  used  in  the  proofs  of  the  following  section. 

In  Section  2.4  we  will  formulate  and  prove  a theorem  showing 
that  both  multivariate  random  variables,  the  function  of  the  order 
statistics  and  the  multivariate  normal  are  asymptotically  equivalent 


9 
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(for  details  see  Appendix  A),  or  in  other  words,  their  distributions 
are  asymptotically  approaching  each  other. 


2.1.  Order  Statistics  from  a Bivariate  Distribution,  and  a Multivariate 
Nonnal  Distribution 

In  this  section  we  will  define,  for  each  positive  integer  n , 
two  multivariate  random  variables.  One  is  a set  of  functions,  which 
depend  on  the  distribution,  of  some  order  statistics  from  a sample  of 
site  n drawn  from  a continuous  bivariate  distribution;  and  the  other 
is  a multivariate  normal  with  me'n  zero  and  some  known  covariance  matrix. 


2.1.1.  Order  Statistics  from  a Bivariate  Distribution 

By  order  statistics  from  a bivariate  distribution  we  will 
understand  the  following.  We  order  the  sample  by  the  first  coordinate 
and  we  select  some  of  the  ordered  first  coordinates  as  strip  limits. 

For  the  points  in  the  interior  of  the  strip,  we  order  their  second 
coordinate  and  will  consider  some  of  those. 

Let  (Xj j (n) ,X2i  (n) ) Oii<h)  independent  identically  distri- 
buted (l.i.d.)  continuous  bivariate  random  variables  with  common  probabi- 
lity density  function  (p.d.f.)  ffXj.x^.n)  and  common  cumulative 
distribution  function  (c.d.f.)  FCXj.x^.n)  . Let  Y^(l)  <...<  Yj(n)  be 
the  ordered  X^(n)’s  . For  each  n , let  p^  , , 0 < Pj  < q^  < 1 

be  such  that  np^  and  nq^  are  positive  integers,  and  let  and  L^ 
be  positive  integers,  such  that 


KjLj  - nfqj-pj) 


n 


* 


Let 


m ■ Lj  - 1 . (2.2) 

Let  S(j  ,n)  - ( (Xjjfn)  ,X2i  (n)) ; Y1  (np^Cj-DLj )<Xj  1 (n)<Y1  (np^jLj) , 
dll<^))  (liJiKj)  and  let  Y2(1,J)  <...<  Yjfm.j)  (1<JJCj)  be  the 
ordered  values  of  the  second  coordinate  of  the  elements  of  S(j,n)  . For 
each  n , let  p?  , , 0 < < q2  < 1 such  that  mp2  and  mq2  ate 

positive  integers  and  let  K2  and  L2  be  positive  integers  such 
that 

K2L2  ■ m(q2-p2)  . (2.3) 

Let 

d - Kj  ♦ 1 ♦ Kj(K2*1)  . (2.4) 

Define  the  d-dimensional  random  variable  Y(n)  as 
[YjOuyO-nLj)  (1<J<KjM)  , Y2(mp2>(i-l)L2.j)  (l<i<*2*l . 1<J<^j) ] 

the  vector  Y(n)  contains  the  order  statistics  we  are  interested  in, 
and  we  are  going  to  define  some  functions  of  them,  which  depend  on  the 
distribution. 

Let  Fv  (x)  and  f,  (x)  be  the  marginal  c.d.f.  and  marginal  p.d.f. 
in  in 

of  the  X 's  , and  let  G.,_(x,j)  and  R,_(x,j)  (1<J<^,)  be  the  condi- 

l a.  n zn  l 

tional  marginal  c.d.f.  and  conditional  marginal  p.d.f.  of  the  second 
coordinates  of  the  elements  of  S(j,n)  , conditional  on  [Yj  (np^(j-l)Lj) 


(l<j<Kj*l)]  . We  next  define 


1? 


_l  np^O-OLj 


t1(J)  . f1*(__L_ 1)  , tj(J)  - fln(Tj(j))  (2.5) 


mp  ♦(i-l)L 

T2(ij)  - G2‘(— i-jj -,j)  . t2(i,J)  • g2n(T2(i,1).j) 


w2(i,j)  - 4it2(i.J)[Y2(«p24(i-l)L2.j)-T2(i.j)} 


(2.6) 


Wj  (j)  - ^t1())(Y1(np^(j-l)L1)-T1(j))  (1<J<^jM)  (2.7) 


(2.8) 


and  W(n)  as  a d-dimensional  random  variable  whose  coordinates  are  given 
by  (2.7)  and  (2.8),  that  is 


W( n)  . [WjO)  (l<j<K^l)  , W2(iJ)  (1<A<JC2»1 . 1<J<JC2) ] (2.9) 


and  let  g(w(n),n)  be  its  joint  p.d.f.  whose  exact  expression  will  be 
given  in  Section  2.3. 


2.1.2.  A Multivariate  Normal  Distribution 


For  each  n , define  the  positive  real  numbers  , A.,  , , A^ 

and  the  symmetric  matrix  V(n)  ■ (v^(n)}  of  size  d as  follows 


L1  n L1  , 4 S 

A,  ■ , A,  ■ — t, r-  , A,  ■ , A.  ■ — y-. 

1 npj  ' 2 n(l-q1)  3 mp2  ’ 4 m(l-q. 


•WS-Wk.  -n»  "■  J"1  »"U»PJ'«  IJ.  »,.I.  II  .1.11  .11.  . Mill  ip....  I ».  I mi  - — - — — I.*..,.  ■ ■«'.  K—BCT— PP— 


A 


mm  * 1 n 
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r 


Ljll»(i-1)A1][1*(K1*1-J)A2] 

iui(K1A1A2M1*A2) 


(n)  ■< 


L2Il*(i'-l)AJ)[l*(IC2M-J')A4] 

m(L2-l)(K2A3A4^A34A4) 


V 


Oiiujyn 

!<*<*!  • 

\ K^2<i<i<d  / 

otherwise. 


(2.10) 


Define  Z(n)  as  a d-dimensional  random  variable,  normally  distri- 
buted with  mean  zero  and  covariance  matrix  V(n)  . 

Z(n)  - (Zjfj)  (i<j<iyi)  , Z2(i,j)  (l<i<K2*l  , 1<J<.Kj)] 


and  let  h(z(n),n)  be  its  joint  p.d.f.  whose  expression  will  be  given 
in  Section  2.3. 


2.1.3.  Some  Additional  Notation 

In  this  subsection  we  are  going  to  define  some  quantities  which 
are  going  to  be  useful  throughout  this  thesis.  Define 


B11  ■ 

g.l.b.(x;Fln(x)>0) 

(may  be  -•  ) 

(2.11) 

B.2- 

l.u.b.(x;Fln(x)<l} 

(may  be  ) 

(2.12) 

b210)  - 

g.l.b.{x;G2n(x,J)>0) 

(may  be  -•  ) 

(2.13) 

B22(j)  - l.u.b.{x;C,2n(x,J)<l)  (may  be  ♦-  ) diJJCj)  (2.14) 


bj  - inf  (fln(*)  ;TX  (iCj-1) ) 


(2.15) 


B j - sup  <^ln(x)  ;T1(1)<«J10C1*1)> 

X 


(2.16) 


min  inf  (g2n(x,  j)  ;T2(l,j)</<iT2(IC2*l , j) } 


■in  sup  (g2n(x,j);T2(l,j)</<iT2(>C2^l,j)} 


!<)<*!  * 


(2.17) 


(2.18) 


The  reader  is  reminded  that  throughout  this  thesis  the  numbers 

A^  * ^2  ’ ^3  * ^4  ' > ^2  ’ * ^2  ' ^11  * ®l 2 * ®2j  d ) (yi/j)  * 

B22(j)  (llj^j)  . d , Kj  , K2  , Lj  , L2  , m , pj  , P2  , qj  , q?  depend 

on  n but  this  dependence  is  not  explicitely  thown  for  notations  1 

convenience. 


2.2.  Assumptions  and  Some  Consequences 


Throughout  this  section  we  are  going  to  list  the  assumptions, 
deduce  some  results  based  directly  on  the  assumptions,  and  state  some 
properties  of  the  coordinates  of  Z(n)  . 


2.2.1.  Assumptions 


Our  assumptions  are  given  in  Table  I. 


] 


Table  I 


lim  p^  ■ 0 
n-*- 

(1) 

lim  a >1 
n~  1 

(2) 

lim  npj  - • 

(3) 

lim  n(l-qj)  - - 

TV*— 

(*) 

lim  K ■ • 

TV*— 

(5) 

lim  p ■ 0 
TV*— 

(6) 

lim  q2  ■ 1 

TV*— 

(7) 

lim  ■ 0 

„-*-  »P? 

(8) 

Assumption 


For  all  n and  all  .c  in  (12) 

the  open  interval 

fjn(x)  exists  and  |f ’ „ (x)  | 

< where  is  a real 

number,  which  depends  on  n , 
and  Dj  > 1 for  all  n . 

For  all  n and  j , (13) 

» *nd  *11  * In  the 
open  Interval  (B  (j) , 

B220))  .g2n(*J)  exists  and 
1 1?  2n  (*  * i ) I < D2  , where 
is  a real  number,  which 
depends  on  n and  D?  > 1 
for  all  n . 

bj  <_  1 for  all  sufficiently  (14) 
large  n 


lim  —f. r*  » 0 

n~  * *'^2 


b^  <.  1 for  all  sufficiently  (15) 
large  n 


lim  K2  - - 
n-*— 


L1D1 

lim  - 0 


n-*—  nb. 


For  all  n , npj  , mp2 

» *^2  * ^1  ' ^2  ’ 
Lj  , are  positive 

integers 


n—»  /L^b^ 


BiKiDi 


Jl  J JL I , H W4J  m * ' J 4P  «L#lMi  -l  1 1 1 ItJ. . PLP^  II  ^ 1< 


m 


17 


2.2. 2.  Some  Useful  Results  Based  on  the  Assumptions 

Since  by  assumption  (12)  > 1 for  all  n , and  by  (14) 

bj  < 1 for  *n  lar*e  n ’ then  0 < (ICl)/(/Cl')  - ^1^7^ ^ibp  for 

large  n and  by  (21)  we  have 

K 


1 


\in 

!»-*•  ATX 


(2.19) 


and  0 < n/Lj‘5  L (nDp/d^bJ)  . and  by  (22)  we  have 


1.5.2, 


lim 


n-*«  L 


1.5 


0 . 


(2.20) 


Since 


o<^<°A2- 


Vib 


ill) 


1 


>^nb 


1 


,1.5.2  .1.S.2 

L1  bl  L1  bl 


by  (2.1),  then  by  assumption  (22)  we  have 


°1K1 

lim  • 0 . 

n->-  /nbj 


(2.21) 


We  are  now  going  to  show  that  for  the  following  pairs  (r,s): 

(1,1) .(0,2). (0,3), (1,2) ,(2,1), (3,0)  . 

,s 


nD 


1 


lln  ,*♦(!■/ 2).  27  " 


0 . 


(2.22) 


n-**  L. 


'1 


Since  (2.22)  holds  for  (r,s)  - (1,1)  by  assumption  (22)  it  follows  that 


2 

for  large  n 0 < (nD^/d}’5^)  < 1 . and  therefore  0 < (nDj)  < 


(n2D*)/(Ljb*)  < (nDjJ/d}'5^)  which  implies  that  (2.22)  also  holds 


"III'H1  " ' vi'tw  l"'"'  '■*'  7"'w«  Iii.,1.1,.11 

* 
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for  (r,s)  ■ (0,2)  . Since  for  large  n , 0 < (nD3)/(Ljbj)  < 

(n3Dj)/(Lj'5bj)  < (nDjJ/aJ^bJ)  then  (2.22)  holds  for  (r,s)  - (0,3)  . 
Given  that  we  proved  that  (2.22)  holds  for  (r.s)  ■ (0,2)  and  0 < 
(nD^)/(Lj ' 3bj)  < (nDj)/(L^)  , it  follows  that  it  also  holds  for 
(r,s)  - (1,2)  . By  the  fact  that  0 < (nOp/fLjbJ)  < (nDj)/ (l|* Sb^)  then 
by  assuaiption  (22),  (2.22)  holds  for  (r,s)  ■ (2,1)  , and  finally  (2.20) 
shows  that  (2.22)  also  holds  for  (r,s)  ■ (3,0)  . Therefore  the  proof 
that  (2.22)  holds  for  (r,s):  (1 .1) , (0.2) , (0,3) , (1 ,2) , (2,1) , (3,0)  is 
completed. 

Since  by  assumption  (13)  > 1 and  by  (15)  b2  <,  1 for  all 

large  n , then  for  large  n , 0 < (^^/(/i^)  < (K^/dJ)  and  by  (28) 

K K 

lim  -i-i.  - 0 (2.23) 

n~  /r2 

and  for  large  n , 0 < (b»K^)/ (L^-  ” ) < (pKjD2)/ (L*’ Sb!p  and  by  (29) 

■K 

lim  — j— j ■ 0 and  lim  -y-,.  ■ 0 . (2.24) 

n-»-  L2‘  ?»>•  l * 

Since  0 < (K1K2D2)/(^b2)  < (KjK^)/ (/T^)  < (mKjD2)/ (L**  5D2)  then 
by  assumption  (29) 

k k n 

lim  — y • 0 . (2.25) 

n-*“  i^mbj 

Using  assumption  (29)  and  the  same  kind  of  argument  as  those  used 
to  prove  (2.22),  it  follows  that 


In  ri  rtrffiliii  i 


i aiimai  t!  iiiir lima '^n ili 


& 


mK1D* 

i-  Ls-<r/2>bf 


(2.26) 


for  the  pairs  (r.s)  - (1 ,1) . (0,2) , (0,5) , (1 ,2) , (2,1)  and  (3,0) 


If  we  would  remove  the  conditions  that  for  all  n , Dj  > 1 and 
Dj  ^ 1 in  assumptions  (12)  and  (13)  then  we  should  include  (2.19),  (2.21), 
(2.23),  (2.25)  as  assumptions  and  replace  (22)  by  (2.22)  and  (29)  by 
(2.26). 


2.2.3.  Some  Variances  Related  to  the  Multivariate  Normal 

2 

Throughout  this  thesis  o (x)  will  denote  the  variance  of  x 
and  o(x)  the  standard  deviation  of  x . 

From  (2.10)  and  recalling  (2.1)  and  (2.3),  if  assumptions  (1) 
through  (10)  hold,  then 


o (Zjd))  - Pjd^p 


(2.27) 


0 (Zj  (K j ♦ 1 ) ) - ( 1 - q j ) ( 1 ♦ 5 j ) 


(2.28) 


c^o-n-z^))  - ^ (1  - k/i^vx2)  - ^ d*«V)  d^)  (2.29) 


oZ(Z2(l,j))  - p2(l^2)  (1<J<^j) 


(2.30) 


« (Z2dt2*l,j))  - (l-q2)(l*«')  dijJCji 


*|ipiii|ipin pi 


Tin 


20 


,2 

o2(Z2(i-l,j)-22(i,j))  - 2 


(1  - 


V. 


m(L2-l) 


K2A3VVA4 


) - ^ 0^) 


(2.32) 


d<i<^2  . 1<J<Kj) 

where  6^  , 6^  , 6”  t 6^  , 6'^  , 6'2  depend  on  n and  their  co**on  limit 
as  n increases  is  zero. 

Furthermore,  since  all  the  variances  of  the  coordinates  of  Z(n) 

—2 

approach  zero  as  n increases,  there  exists  a real  number  o such 
that 


°2(z1(i))i°2  and 


(2.33) 


o2(Z2(i  , j) ) < o2 


2.3.  The  Joint  P.D.F.s  of  the  Functions  of  Order  Statistics,  The 
Multivariate  Normal,  and  Other  Known  Facts 

In  Subsection  2.3.1  we  will  write  the  p.d.f.s  of  W(n)  and  Z(n) 
in  a convenient  way  for  the  purpose  of  making  it  easier  to  follow  the 
proofs  in  this  chapter. 

The  p.d.f.  for  W(n)  is  found  by  computing  the  p.d.f.  of  Y(n) 
in  two  stages:  first  the  marginal  for  the  Y^'s  and  then  the  conditional 
marginal  of  the  Y2's  conditioned  on  the  Y^'s  * taking  advantage  of  the 
fact  that  the  Y2's  of  different  strips  are  independent  and  making  the 
change  of  variables. 

in  Subsection  2.3.2,  we  will  state  some  knwm  facts  that  will 
be  useful  for  the  proofs  of  Section  2.4. 
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2.3.1.  The  P.D.F.s 

The  joint  p.d.f.  for  W(n)  . g(w(n).n)  , can  be  written  as  the 
product  of  the  following  twelve  expressions. 


k^~  oyn/2 

(np^-1) 1 (n-nq^) 1 [m! ] n 


(2.34) 


V1 

n t (j) 

j-i 


(2.3S) 


[Fm(TiO)  ♦ 


w (1)  np  -1 

)] 

/ntj  (1) 


(2.36) 


w (K  M)  n-nqj 
[1  - F,  (T.  (K. M)  ♦ )] 

1 ln  1 1 /ntjtKjM) 


(2.37) 


"1  w,(jM)  ”1" 

n lpin(Tl(W)  4 > /."T?  * Fln(Tl0)  * 1=7 
■ 1 ln  1 *^nt j C j ♦! ) /ntl 


w.(j)  m 

■)] 

nt,  (j) 


(2.38) 


*r*  **,(3) 

l f,„CT  (j)  ♦ — ) 

. . In  1 /Tk 


"'nbj  (j) 


(2.39) 


Ki  V1 

I I t 2<i.J) 

j-1  i-1 


(2.40) 


r 


1 " ,(l.j)  «p,-l 

11  IG2n^T2^1'^  * . J)1 

J-l  ^t2(l.j) 


(2.41) 


11  t1  ' G2n(T2(SM*^  4 — ~ • J)) 

j-l  /^(JC^l.J) 


(2.42) 


K1  K2  w,(lM,j) 

n n [G.  (T,(i*l,j)  ♦ , j) 


j-l  i-1 


2n  2 


•^t2(i*l,J) 


w,(i,j)  L -1 

- G2n(T2(1^)  " 7^-77“ “■  j)1 
/nt2(i,j) 


(2.43) 


K1  2 w (i.J) 

n n g (T  (i.j)  ♦ — i , j) 

j-l  i-l  *^t2(i,j) 


(2.44) 


K (K  ♦2)/2  K 

[(np2-l)!(»-«q2)l[(L2-l)ll  'm  ] 


(2.45) 


if  Bn  < TjCl)  ♦ (w^DJ/f^tjd))  <...<  T^K^l)  ♦ (WjCK^Dj/f^tjCK^l)) 
< B12  and  B 2 2 ( j ) < T2(i.j)  ♦ (w2(l,j))/(/St2(l,j))  <...<  TjOyi.J)  ♦ 
(w2(K24l,j))/(^5t2(K2^l,j))  < B22(j)  (lijJCj)  and  g(w(n)fn)  - 0 
otherwise. 

The  joint  p.d.f.  for  Z(n)  , h(z(n),n)  , recalling  the  fact  that 


Z(n)  is  a d-variate  normal  with  mean  zero  and  covariance  matrix  V(n)  , 
can  be  written  as  the  product  of  the  following  five  expressions 


1 1 F!  1 II*  ■WIMUJIifli 


* 


V 


(l-q.*p,)  \ 


V , 1 ,2,  1 1 


'1  rl 


(2w) 


d/2 


K (K  ^1)  K K 

.-‘V^rS2— r 1 }t.12*2  (1-vp2 Kt 

( — t — 1 Ir-nT-i  1 f— t-  ♦ 1 


p2o-q2) 


nm  L,z?(l)  L.zJ(K.M)  *1  _ 

exp{.  ♦ J_L_J ♦ £ (tjO^D-tjO))2]) 


2L1  "P1 


nd-qj)  j-1 


m(L--l)  *1 

„p{.  — £ 

2L‘  j-1 


L,z;(l.j) 

[— ♦ 

»P, 


L2T2(K2*l,j) 

■ (i"-q2i 


i-1 

2.3.2.  So»c  Useful  Elementary  Facts 

In  this  subsection  we  will  state  some  results  and  show  some 
typical  expansions  that  we  will  use  in  the  proofs  of  Section  2. 

Define  ♦ (x)  as  the  standard  normal  c.d.f.  valued  at  x . 
any  event  E , E denotes  the  complment  of  E . 

Since  for  any  events  E (k)  (1<><J<)  , PffiJ^  E(k))  ♦ 

- 1 and  P{U^_1  E(k) } < P(E(k)}  then 

K K 

P{  D E(k) } > 1 - l P{ E (k ) } . 
k-1  k-1 


23 

(2.46) 

(2.47) 

(2.48) 

(2.49) 

(2. 50) 

For 

E(k)> 


(2.51) 
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2.4.  The  Asymptotic  Joint  Normality  of  the  Functions  of  Order  Statistics 

In  this  section  we  will  state  and  prove  a theorem  which  shows 
that  the  distribution  of  W(n)  asymptotically  approaches  the  distribution 
of  Z(n)  , or  using  the  notation  of  Appendix  A,  that  the  sequence  (W(n)) 
is  asymptotically  equivalent  to  the  sequence  { Z (n) ) . The  proof  of 
the  theorem  will  be  based  on  results  found  by  Weiss  [20],  [21]  which 
are  explicitly  stated  in  Theorem  A.l. 

We  note  the  fact  that  by  assumptions  (S)  and  (10)  the  dimension 
of  Z(n)  and  W(n)  increases  as  n increases. 

Theorem  2.1. 

Under  the  assumptions  listed  in  Section  2.2,  and  if  for  each  n , 
R(n)  is  any  measurable  region  in  d-dimensional  euclidean  space,  then 

lira  | P{W (n)  c R(n) ) - P{Z(n)  e R(n) } | - 0 . 

n-*“ 

Proof  of  the  Theorem  2.1. 

For  the  proof  of  the  theorem,  it  is  sufficient  to  prove  that 
log(g(Z(n) ,n))/(h(Z(n) ,n))  converges  stochastically  to  zero  as  n 
Increases. 

Throughout  this  proof  we  assume  that  the  p.d.f.  for  Z(n)  is 
h ( z (n)  ,n)  . 

Define  the  following  events: 
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Ej(1)  - <Bn  < Tj  (1 ) ♦ 


Z.  (1) 
— 1 


z,  0-D 


z.0) 


E,0)  • <T  (J-l)  ♦ — - < T (J)  ♦ — ) (2<J<K.*1) 

1 1 ^TtjO-l) 


Z (K  *1) 

E ,(K  *2)  - {T.(K  *1)  ♦ < B ) 

11  11  rfTtjOC,*!)  12 


E.(l,j)  - { B_  ( j ) < T-(l.J)  ♦ 


z,n.j) 

— ) ODi*,) 

/■t 2(l.j) 


Z-(i-l.j)  Z (i,j) 

E,(i.j)  - {T  (i-l.j)  ♦ —r < T (i  .j)  ♦ — } 

2 2 /it (i-l,j)  fa 2(i,j) 


(2<AJC2*l,i<J<)C1) 

Z,(K  MJ) 

E,(K  >1,))  - (T  (K  M.j)  ♦ < B O))  OUS^) 

2 2 2 2 


V2  Ki 


e - [ n e. (j ) ] n [ n n e (i,j)]  . 

j-l  1 i-l  j-l 


The  complement  of  E is  the  region  where  g(Z(n),n)  is  zero,  and 
in  the  following  1mm  we  are  going  to  prove  that  the  probability  of  E 


approaches  1 as  n increases. 
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Lena  2.1. 


11*  P{ E } - 1 


Proof  of  Lena  2.1 


K *2  _ K *2  K 

P(E)  - 1 - P{E>  > 1 - ( 7 P(E  (j)})  - [ 2l  1 P(E 

j-1  i-1  j-1 


therefore  to  prove  this  lemaa  it  is  sufficient  to  prove  that  the 
following  quantities  approach  zero  as  n increases:  P(Ej(l)}  , P{Ej (K j ♦ 2) ) , 

1C  ^ ^ ^ ^ j 

1^2  P{VJ))  - Ijii  p<E2O.J)>  • Z5i,  . 1,1,  ltl 2 p(E2(i,J)}  • 


Z,(l) 


P{Ej(l))  • P{Tj (1)  ♦ — l- < Bn)  - P{Z1(l)<^t1(l)[B11-T1(l)l} 


and  by  (2.27) 


P{Ej(l) ) • P(- 


(1)  fBn"Ti  (1)1 


>1^61: 


>1^1 


and  by  assunption  (30)  this  approaches  zero  as  n increases. 


P(Ej(K142)}  - P( Bj 2 < TjdCj*!)  ♦ 


Z1(Kl4D 

✓fTtj  (Kj4l) 


^*t  J (Kj4l) l^12"T  J (K J ♦ 1 ) ] Zj  (Kj4l)  ^ 

✓(1-qj) (14«J)  “ ✓(l-qj) (!♦«•) 


P 


and  by  (2.28)  the  right  side  is  standard  normal  and  by  assumption  (31) 
P(Ej(K^2)}  approaches  zero  as  n increases. 

Z.(M)  Z (j) 

P{E1()M))  - Pft|fjY|y  - < ^(TjOJ-TjUM)]) 

and  we  have  /n  [Tj  (j ) -T^  (J  *1 ) ) ■ (-Lj  )/(*/nfln(Wj  (j ))  where  Wj(j)  is  a 
real  number  in  the  open  interval  (T^  (1)  ,T^  (K  *1))  and  therefore  by  (2.16) 


,2,0.1) 


V»  . -ll, 


P(61(,.1))<P(^]^-j^jt<-^)  (lajtf,) 


and  since 


Zj(J*l)  Z,(j) 


Zj(M) 


L!fin  OTfO)) 
ti°)  * OOTJTY 


ZjO) 

^TTY 


ZjO^d-ZjO) 


LlfinCri(J)) 
Zl(^nn  fjnCW’j'fJ)) V 

, Llfin^» 


ln^r^^r 


therefore  by  (2.55),  (2.33),  (2.29)  and  (2.15)  we  have 


2,0*1)  2,0),  _ , K 


0(ctF>T  - HIT1  - bT  VT  (wp  * — lV 

* 1 ♦ 

nbj 


say,  and  by  assumptions  (12)  and  (16)  6^  approaches  zero  as  n increases. 


«. »Mum9»K,  w vr  'i  v<A4*jr***T 


i ! 


L 


»w«  •"  '™»l 


^mPTy*’*'l»»  v'  v*  ■i'«tP»'-|iii'«"'»'i  i""'Tr"'w n " | .|"  '»!■■  » i«it!  ■"i'ip’i"^  ■»■«'" 


??) 


Therefore , 


P(Ej(W))  < ♦( 


-L. 


1 L1  '"Vl 

~~ — ) • 1 - ♦( — ) < 

miBjBj  ^nBj(?  i 1 


by  (2.52).  It  follows  that 


V1  K. B. 

l P(E  (j)}  < 

j-2  L1 


and  by  assumptions  (17)  and  (18)  this  converges  to  zero  as  n increases. 


I P(E_(1 ,)) } - I ♦( 


1 »Gt,(l.j) 


J-l 


[B..(j)-T,(lJ))) 

J-:  ^2(i*«2y  21  2 


by  (2.30)  therefore. 


*1  _ *1  rfK.O.j) 

l P{E  (1 . j) ) - l [j  - ♦(—£-—  |B  (j)-T  (l,j)l)1 
j-l  j-l  ’'P, (!♦*,) 


2 2 


< aax 


K1^2/^7*2 


1<J<K1  ^b2|B21(j)-T(l,j)| 


and  by  assumption  (32)  this  last  expression  converges  to  zero  as  n 
increases.  Using  (2.31)  and  (2.52) 


1 


1 


y P(E,(K,.2,)))  ■ Z [1  - P(E2(t2.2,})))  • 

jil  22  i-1 


ii'ifl  i ilia  *nMI 


& 


I'JH  I !■*  ■ W 


"1 

- I fl 
j-1 


't2(K^l,j) 

1 /r^/nr^ 


rB220)-T2(K2*),j)])] 


i 


i 

< l 

j-i 


^t2(K2M.j)lb22(j)-T2(K2M,J)] 


< max 

" ^b2[B220)-T2(K2M,j)) 

and  by  assumption  (33)  this  converges  to  zero  as  n increases. 

Z (i*l,j)  Z (i.j) 

p<E2(i«i.j))  - ^[T2(ij)-T2(i^i.j)]} 


and  we  have  /m[T2 (i  , J)-T2(i*l , j ) ) * (-Lp/f/ag^fN^Ci ,)) , j))  where 
W2(i,j)  is  in  the  open  interval  (T^ ( 1 . ))  ,T2(K2*1 » j))  *nd  therefore 
by  (2.18) 


P(E2(i*l,j)} 


Z,(M(j) 

P{t‘(i*i;j) 


z2(ij)  -4 

t^TITT)  “ 


(l<i<J(2,lij<K1) 


and  since 


i 


-v- 1 


udiadltt 


Mriiit  mmum 
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Z2(W1,J)  Z(i,j) 

tjnnrrjT ' 1 2 a . 3 ) 


^Fyw^TTjMT 


z2(i..i) 

t2(ij) 


Z2(i4l,J)-22(i,J) 

t^HTD 


,2R2n(W2(i'j)J) 

z2(U1,j)  ii7nTWj(i.J) .J)t2(i.j) 


1 ♦ 


L2R2n(W2(i,;,)>j) 

m g2n(*'p,)))t2(i,i) 


then  by  (2.55),  (2.33),  (2.32)  and  (2.17) 


Z (l4l,j)  Z (i.j)  . L 

0(t7iTi * 


L_l 2 

mb  I 


1 ♦ 


L„D, 
2 2 


mb. 


o ■ B. 


say  and  be  assumptions  (13)  and  (23)  6,  approaches  zero  as  n increases. 

Therefore 


-l  l,  ai, 

P(E,(i+l,j)i  < «( — ) ■ 1 - »(-^— ) < — 


2 2 


“2 

a.  L 


by  (2.52)  UiiJ^.l^iKj)  , therefore 


K1  V1 

l l P{E(i.j)>  < 

j-1  i-2 


and  by  assumptions  (24)  and  (25)  this  converges  to  zero  as  n increases, 
and  this  completes  the  proof  of  Lemma  2.1. 


uu  uauuUittUiiwiM 


i i 


a 


Least  2.2. 


With  probability  approaching  one  as  n increases  we  aay  write 
iog(g(2(n) ,n))/ (h(Z(n) ,n))  as  the  sum  of  the  following  sixteen  expressions 


Zj  CD 


(np  -I)log[F  (T  (1)  ♦ — i )] 

* in  1 ^(1) 


(2.56) 


1 Z (l.J) 

(ap,-l)  l log[G  (T  (l.j)  ♦ — i , 3)1 

2 j-1  " ^t-(i.j) 


(2.57) 


Z. (K  -1) 

n(l-q.)log[l  - F (T  (K  *1)  ♦ — — )] 

1 /nt  (K  ♦!) 


(2.58) 


»(l*q,)  l log  (I  - G2n(T2(V1,;5)  ♦ 


Z2(K2>l,j) 

<ft2(IC2el.J) 


. D)  (2-53) 


i Z. (3-1)  2 (3) 

l log(F,_(T.(j*l)  ♦ — )~F  (T  (3)  ♦ )1  (2.60) 

j-i  ln  1 ^tj(jM)  ln  1 /JTt  (j) 


K K 
1 2 


(L,- U l l log (G-  (T_(i>l , j)  ♦ 


‘2  .L,  6 1 2n  2 

j-1  i-1 


Z2(iM,j) 

^t2(iM,J) 


(2.61) 


- G2n(T2(i'»  * 


Z2(i.j) 

^t2(i,j) 


. 3)1 


L Z?(i)  L Z (K»l)  *1 

♦ V * — ♦ l (Z,(jM) 

2L  n?l  n(1’^  j-1  1 


Zj  (3 ) ) 1 


(2.62) 
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Proof  of  Lew—  2.2. 

Applying  Lemaa  2.1  and  the  formula  for  g(w(n),n)  and  h(z(n),n) 
it  follows  immediately  that  Lenta  2.2  holjs. 

Lenta  2,3. 

The  expression  (2.56)  can  be  wr  tten  a'. 

Z.(l)  f’0,(l))Z?(l)  Z?(l)m 

(np.-l) log  p ♦ np  (— ♦ 1-y~)  ♦ A ( 1 ,n)  (2.56)* 

/npj  2npJt1(l)  ZnpjLj 


where  A(l,n)  converges  stochastically  to  zero  a*  n increases. 


Proof  of  Lemma  2.3. 


Using  (2.53),  (2.56)  can  be  written  as 


(npj-niogtpj  ♦ 


Zj (i)  f:  (e  (i))zt(i) 

♦ = ] 


/a 


2nt*(l) 


where  0j(l)  is  a real  number  in  the  open  interval  ’ anci 

therefore  |fjn(0j)|  * ^y  assumption  (12).  Then  (2.56)  can  be 
written  as 


Z,(l)  f'  (0, (1))Z^(1) 

(np  -l)log  p ♦ (np  - 1 ) log [ 1 ♦ -- ♦ 5 ] 

/in  pj  2npjtj  (1) 


and  since  by  (2.27'>  (ZJ  (l))/(/p^TT^fijT)  is  standard  rorm.->l  and  by 
assumption  (16)  lim^^  (LjDj)/(nbj)  ■ 0 it  follows  that 


2,(1)  (l))Zj (1) 

♦ j 

/n  pj  Tnpjtjd) 


converges  stochastically  to  z<?ro  as  n increases.  Then,  using  a 
Taylor  expansion,  (2.56)  can  be  written  as 


2.(1)  f'  (e  (i))z,(i) 

(np.  - 1)  log  p ♦ (np  -1)  [— ♦ 5 

Jn  Pj  2nPjt  j (1 ) 


1,.  wzi<»>  fin(0l(1»Z  ^,2, 
- ) [— - ^ ] ] 


Sn  pj  2npj t J (1 ) 


where  Yj  converges  stochastically  to  zero  as  n increases.  Recalling 
assumptions  (3)  and  (19)  the  proof  of  Lemma  2.3  is  completed. 


Lena  2.4. 


The  expression  (2.57)  can  be  written  as 


1 fVl-»  gJn(e2(M).J)z$n.j) 

(mp  -1)K  log  p ♦ mp,  l [— ♦ 2 

j'l  4p2  2mp2t2(l.J) 


2,(l.j)(l.,-l) 

— 2~~ 1 * M2,n) 


2np2L2 


where  A(2,n)  converges  stochastically  to  zero  as  n increases. 


ill  i|ni.  j.  I'Wpyn  in'f  \ i.  ii.u^.iiifw 
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where  y20)  02j£^j)  converges  stochastically  to  zero  as  n increases, 

and  recalling  assumptions  (8)  and  (26)  the  proof  of  Lemma  2.4  is 
completed. 


Lemma  2.S. 


The  expression  (2.58)  can  be  written  as 


n(l-q1)log(l-q1)  ♦ n(l-qJ)(- 


zi  (Kj-1)  mZj(KjM) 


/nO-qj)  2n(l-qj)  \t] 


(2.58) 


fin(ei(Kr1))Zi(,(r1) 


2n(l-q1)2tJ(IC^l) 


) ♦ 6(3, n) 


where  A(3,n)  converges  stochastically  to  zero  as  n increases. 


Proof  of  Lemma  2.5. 


Using  (2.53)  the  expression  (2.58)  can  be  written  as 


n(l-qj)log[l  - qj  - 


2i(vn  fin(ei(Kr1))zi(Kr1). 


/n 


2nt ^ (K  j ♦ 1 ) 


where  6j(K^l)is  a real  number  in  the  open  interval  (B^.B^)  , and 
therefore  < Dj  . Then  (2.58)  can  be  written  as 


n(l-q1)log(l-q1)  ♦ n(l-q1)log(l  - 


Zl(Kr1)  fin(e1(K1M))7l(,(l4l) 


^(l-q>)  Znd-q^tJfKj*!) 


] . 


and  since  by  (2.28),  (21(Kj*l))/('/(l-qi)(l»fip)  is  standard  normal 





>'■  .'Ul'.J 
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2 

and  by  assumption  (16),  lim^  tm  (LjDj)/(nbj)  ■ 0 it  follows  that 

Z1(K1M)  fln(6l(Kl*1))Zl(l(lM) 

^n(l*q  j)  2n(l-q1)tj(K1M) 


converges  stochastically  to  zero  as  n increases.  By  a Taylor 
expansion  we  have  that  (2.58)  can  be  written  as 


-2  (K  ♦!) 

n (l*q, ) log (1-q  ) ♦ n(l-q  )[ 

1 1 1 ^(1-q,) 


fin(6l(,(lM))Zl(Kl^) 

2n(l-q1)tZ(K1^l) 


1 


Z,(K  >1) 

2n*TK — -♦ 
1 rn(l-qJ) 


fin(6l(KlM))Zl(Kl4,) 

2n(l-q1)tj(K1*l) 


where  y converges  stochastically  to  zero  as  n increases. 

*1  1 

Recalling  assumptions  (4)  and  (20)  the  proof  of  Lemma  2.5  is  completed. 


Lemma  2.6. 


The  expression  (2.59)  can  be  written  as 

K 


1 

mK  (1-q  )log(l-q  ) ♦ »(l-qj  £ 

1 j- 1 


-Z2(K2MJ)  Z‘(K2*l,j)(L2-l) 


^t2oc2*i,j) 


2m(l-q2)L2 


'K2n(62(V1’;i)'j)Z2(,C2*1';j) 

2m(l-q2)t2(IC2*l,j) 


♦ 6(4, n) 


(2.59)* 


where  6(4, n)  converges  stochastically  to  zero  as  n increases. 


■ 


m in«'n< 


Proof  of  Lemma  2.6. 


Using  (2.54)  and  recalling  the  fact  that  ■ m(q2*p2)  , (2.59) 


can  be  written  as 


,,  x r*  . ,,  2 2 2n  2 2 * 

m(l-q2)  I log  ( 1 - q2 j 


=2(K2MJ)  g^n(02(K24l,j),.1)Z‘(K2M,j) 

2mt2(K2*l,j) 


where  e2(K2«l,j'  is  in  the  open  interval  (B2J  (J ) ,B22  (J ))  (l<J<Kj) 
and  therefore  I R 2n (6  2 (IC2^ 1 * j)  ) • ' °2  * (2‘59^  can  be 


written  as 


«K1(l-q2)log(l-q2) 


♦ m(l-q  ) l log [ 1 - 


Z20yi.J)  g2n(e2(K2Mfi).j)Z2(K2M.j) 


fm(l-q2) 


2m(l-q2)t‘(K2M,j) 


Since  by  (2.31),  , j) ) / ( ) is  standard  normal 

2 

by  assumption  (23),  lim^^  (LjDp/ (mb2)  • 0 it  follows  that 


Z2(K2M,j)  *2ii(WI,,)Z2(,C2*1,J) 

/^(l-q2)  2m(l-q2)t2(K^l  J) 


converges  stochastically  to  zero  as  n increases.  Therefore,  using  a 
Taylor  expansion  (2.59)  may  be  written  as 
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m(l-q2)Kj  lo#(l-q2) 


1 

♦ l 


■Z2(K2M,J)  *2n(Wl,,)*j)Z2(Vl,,) 


/m(l-q2) 


2m(l-q2)t2(K2M,j) 


:2(K24i.j) 


yc‘.y2(K  .i.m, 

/B(l-q-) 


R2n(82(V1,,),J)Z2(V1';l)  2 

2»(l-q2)t2(K2M,j) 


where  y^K^l.j)  converges  stochastically  to  zero  as  n increases. 
Recalling  assumptions  (9)  and  (27)  the  proof  of  Leima  2.6  is  completed. 


Lenwa  2.7. 


The  expression  (2.60)  can  be  written  as 


L.  n(L  -1)  1 

(Lj-DKj  log  ♦ ^(ZjOC^D-Zjd)) \ l UjOMJ-ZjO)] 


21 j j-1 


(2.60) 


iff;n(0i(vn)r;(Vi)  f;n(el(1))zj(i) 

♦ 2f 2 J * MS.n) 


tJ(K^l) 


tj(l) 


where  A(S.n)  converges  stochastically  to  zero  ns  n increases. 


Proof  of  Lenuna  2.7. 


Using  (2.53)  we  can  write  (2.60)  as 


A 


K. 


r1  . ,L1  . 2l«*l,-2l‘»  V». 

■ L log(—  ♦ ♦ -r— 

J-l  n K 2n 


where  Q ^ ( j ) is  defined  as 


fln(9l(JM))Zl(j4l)  fln(ei°4l))Zl(j) 


tJ(JM) 


2 

tj(j) 


(1<J<K.) 


Then  we  can  write  (2.60)  as 


L "l 

■Ki  l0«  ~ ♦ ■ l log[l  ♦ 

n j.i 


Qj  (J ) 


2L. 


we  are  going  to  show  that 


■ax 


1 


/nfZjO  + D-ZjO))  Qj  ( j ) 


2L. 


converges  stochastically  to  zero  as  n increases.  Since 


■tax 

1<J<* 


1 


^(ZjtJMJ-ZjO))  Qj  (j ) 


2L. 


< max 
’ 1<JJC 


1 


^(ZjOMj-Zjfj)) 


'1 


♦ max 
l<j<* 


1 


QjO) 


2L 


1 
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it  is  sufficient  to  prove  that  both  terms  on  the  right  side  ot  the  inequality 
converge  stochastically  to  zero.  Fix  a positive  number  e . Using  (2.51) 
and  (2.52) 


»-W.L  , ■ 


A 


0 
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P(  nax 


■MZjtMJ-ZjCJ)] 


"1 

<.  c>  > 1 - l P{ 

J-l 


> t) 


S z (jM)-z  (j)  tA.. 

1-2  l ?(  -1- --1--  > -) 


J-'. 


/iT? 


Ki  c/T 

1-2  I [1  - *(——)] 

j-i  /IT5y 


> l - 


2^/rvsy 

c/L^ 


By  assumption  (21),  lim  (KVoT)/(b,/L7)  ■ 0 and  since  by  assumption 

ft-***  11  11 

(12),  Dj  > 1 and  by  assumption  (14),  b}  «,  1 for  all  sufficiently 

large  n it  follows  that  lim  K.//TT  ■ 0 and  therefore  the  proof 

n4*  l l 

that 


max 


^(ZjOMJ-ZjU)] 


converges  stochastically  to  zero,  as  n increases,  is  completed.  We 
are  now  going  to  show  that 


max 

!<*<*! 


Qj(j) 


converges  stochastically  to  zero  as  n increases.  We  note  the  fact  that 


K i *(  aiiriMl fcairrfiifltM  I >■.. 


»*iia*|iaRi»i  m ii 


■ax 

1U<K 


1 


QjtJ) 


< 2D1  "‘"ljifi*!  Zl(^ 


<W 


r2Di  “xi<j3i,.i  :i(,) 

r{ v -—  < t 


Libi 


.1  hj 

•>x  2,0)  < 


.J 

1.^.1  ,”'i  2" 


1 


> 1 - 


V1  , cL.b? 

I PU,0)  > -^-i> 
j-1  1 


V1  z,U) 


‘-2  l p(=74 


/^/Th 


11 


j-1  ®T^rnT  /2D^a(  Zj 


0)) 


V1 


/F/r.b. 

1-2  £ [1  - ♦( ^ 

j-1  (j)) 


> 1 


2 (K  j ♦ 1 ) /2D^  a 


/r/cTbi 


and  by  assumption  (21),  lim^^  (Kj/oj”)/ * 0 ancJ  therefore  the 
proof  that 


max 

l<j<K 


1 


QjO) 


'l 


converges  stochastically  to  zero  is  completed.  Therefore  we  may  write 
(2.60)  using  a Taylor  expansion  as 


L.  "1 
■K  log  — ♦ B l 
1 n j-1 


Qj(j) 


21. 


- V 


^•filZjOMJ-ZjCj)]  Q,  (j ) 2 


2L. 
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j /njZjdMJ-ZjO)!  Qj  (j ) 3 


Sflnj)’ 


2L, 


where  Yj  U£ji.Kj)  converges  stochastically  to  zero  as  n increases. 
The  last  expression  is  (2.60)*  where 

/H[Z  (K  ♦D-Z  (1)) 

A (5,n)  j 


*1  I j 2 /f>[Z,  (j*l)'Zj  (j)  ]Q.  (j ) 

■ .1.  < "77qi(j) 


j-1  8L 


1 


2L 


j /n[Zj (j*l)-Zj (j)]  Qj  ( j ) 3 


30^)' 


l 


2L. 


r 


21 


fln'eK1*l)Zl(Kl4l)  fin(0!  (D  )Zj  CD 


t (Kj^l) 


t j (1) 


To  show  that  A(5,n)  converges  stochastically  to  zero  as  n increases 
it  is  sufficient  to  show  that 


1 

R,(r,s)  ■ m l 

1 j-1 


XZjCjMJ-ZjO))' 

r j 

Q,(j)' 

s 

L1 

Ll 

•» 
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converges  stochastically  to  zero  for  the  following  pairs:  (r,s)  : (1,1) 

(0.2). (0,3), (1.2), (2,1). (3,0)  . We  have 


mP 


1 R I Cr * a)  I ~ ,T.  fa'Tff— Tr  l 


'1 


Llbl  (/S)r  j"1 


z10*D-z1fJ) 


§ 


[zjcmwJu)]* 


and  therefore 


K.mD 


nD, 


M|R,(r,5)|)  1 >.{v/‘)  f>  J,(r.«)  i-sTfi75)T7 
l.,  D.  L,  D. 


where  J^(r,s)  is  a finite  number  depending  only  on  (r,s)  . 

By  (2.22)  the  right  side  of  the  inequality  approaches  zero  as 
n increases  for  all  the  pairs  (r,s)  we  are  interested  in.  Therefore 


|Rj(r,s)|  converges  stochastically  to  zero  as  n increases  and  the 


proof  of  Lemma  2.7  is  completed. 


Lemma  2.8. 


The  expression  (2.61)  can  be  written  as 


l,  _ :i 

(Lj- 1 ) K j K2  log  ~ ♦ /■  (Z2(K2M,j)-Z2(l,j)) 


K '< 

m(L2-l)  1 2 


7—  .1  l Iz2<l*l,j)-:2(i.))] 


2L2  j»l  i»l 


I y 
2^i 


R2n(0:(K2M'3)Z2(K2^1,j) 


t^iyi  ,J) 


■ - - • 


— 1 'hwuii  mm.  » | . ■■  m w - R 
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g2n(e2(,’jM)Z2(1,)) 


tjd.J) 


♦ A(6,n) 


(2.61) 


where  A(6,n)  converges  stochastically  to  zero  as  n increases. 


Proof  of  Leana  2.8. 


Using  (2.54)  we  can  write  (2.61)  as 


*2  *2  I.  Z (|.1,))-Z  (i.J)  Q (!,}) 

CL,-»  I 1 - 2 V-J 


j-1  i-1 


where  f i . J ) is  defined  as 


g2n(®2(1*1  »j)»j)Z2(id,j)  ^n(e2(i,j)J)ZZ(i.j) 


tJ(iM.j) 


and  we  can  rewrite  (2.61)  as 


K.  K. 


(L  -1)K  K log  ♦ (L  -1)  l l (1  ♦ 

j-1  i-1 


/S[Z,(i*l,j)-Z.(i,j)]  Q,(i,j) 

2 2 ♦ ] 


2L, 


We  are  going  to  show  that 


max 

l<i<K,.l<j<IC 


^[Z2(i*l.J)-Z2(i.j)  Q2(i,j) 


21. 


converges  stochastically  to  zero  as  n increases.  It  is  sufficient  to 
show  that  both 


1 ■ 


& 


I I 


L 
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max 


^[Z2(i4l,j)-22(i,j)) 


and 


max 

l<J<Vl<i<K2 


Q2(i.J) 


2L. 


converge  stochastically  to  xero  as  n increases.  Fix  a positive  number 
c . Using  (2.51)  and  (2.52) 


P{  max 

1ii<K2,1^-Kl 


^(Z2(iM,j)-Z2(i,J)) 


< 


'l  *2 


i 1 - l l n 

j-1  i-1 


/■[Z2(i4l,j)-Z2(i,j)) 


> c) 


/ur} 


> l 


2K1K2/T^ 


c/Lj 


and  since  by  assumption  (28),  lim^^  (KjK2/oJ)/(/L^b2)  ■ 0 , and  by 
assumption  (13),  D2  > 1 and  by  assumption  (15),  b2  < 1 for  all 


aa — 


sufficiently  large  n , it  follows  that  11m  (K,K,)/(/T7)  ■ 0 » and 

n-***  1 l 2 

since  che  inequality  holds  for  all  positive  e , the  proof  that 


■fi[Z  (i*l.J)-Z,(i,J)] 
max  i 


converges  stochastically  to  zero  is  ccmplt  ted. 
We  are  now  going  to  show  that 


Q2(i.J)| 

max  -j- 1 

l<i<^2.l<J <t1  2 | 


converges  stochastically  to  zero  as  n increases.  Recalling  the 
definition  of  Q2(i,j)  we  note  the  fact  that 

Q2(i,j)  °2  “Xl<i<*  ♦l.lsjsjC  Z2(i’j) 

"ax  “2L 2 

2 L,b‘ 


For  any  fixed  positive  number  e , using  (2.51)  and  (2.52) 


L2  b2 


z;d  J) 


K1  V1 


tL2b2, 


l l HzUi.j)  > -g-*) 

j-1  i-1  2 


1 21  Z (i.j)  /T/CT  b 

1 - 2 l l P{  -Ti  TyT> ) 

j-1  i-1  o(Z2(1,;,))  /f)7o (Z7 (i , j ) ) 


Z2(iJ) 


I ) mvw  W»M  »'■ 
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/c/Ll  b 

1 - 2UK  *1)[1  - ♦ (—  4~)1 

o 


> 1 - 


2K1(K2^1)^  o 


^b2 


and  by  assumption  (28)  the  last  expression  approaches  one  as  n increases, 
and  since  this  holds  for  any  fixed  positive  number  e , the  proof  that 


max 


Q2(i.J) 


21. 


converges  stochastically  to  zero  is  completed. 
Thus  we  can  write  (2.61)  as 


K1  K2 


(L  -1)K  K log  ~ ♦ (L,-l)  l l 
1 1 1 " ‘ J-l  i-1 


4(Z  (i*l,j)-Z  (i,j)j  Q-(iJ) 


21.. 


J •/5T(Z2(i^l,j)-Z2(i,j)]  Q2(i.j)  2 


-f[- 


2L. 


1 


3(l*Y2(i.j))3 


^(Z2(i*l,j)-Z2(i.j)l  Q2(i,j)  3 


( 


2!.. 


where  max 
n increases. 


. „ . , |y,(i,j)|  converges  stochastically  to  zero  as 


I i’li#  * 1 


...  L. 
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This  last  expression  is  (2.61)  with  A(6,n)  giver  by 


* 

M6.n)  [ (Z  (K  ♦l,j)-Z  (l,j)] 

L2  j-1  1 1 


1 *2n(W1,j)Z2(V1,J)  R2n(e?(1'j)'j)Z2(1*j) 


-2f  I I” 


2 j-1 


t2(K2^1 ' j ) 


K K 
*1  h2 


(l2- 1 ) l l 

L j-1  i-1 


QjU.j)  - 

8L2 


^[Z2(iM,j)-Z2(i,j)) 


3(UY2(i.j))‘ 


^[Z2(iM,j)-Z2(i,j)]  Q (i.j)  , 
[— U — * -2C—1' 


Define  R2(r,s)  as 


S k2  1,0, j) 

'V‘>  l l » I ~ — 

3-1  i-l  2 2 


To  show  that  A(6,n)  converges  stochastically  to  zero  as  n increases 
it  is  sufficient  to  show  that  R2(r,s)  converges  stochastically  to  zero 
as  n increases  for  the  following  pairs  (r,s):  (1 ,1) , (0,2) , (0,3) , (1 ,2) , 
(2,1). (3,0)  . 


R2(r,s)  < 


(l2-dd2 

, r/2  2s.  s 
L2  b2  L2 


K K 

I l 

j-1  i-l 


Z2(i*l,j)-Z2(i,j) 


§ 


[ZZ(i*l,j)*ZZ(i,j)]S 


h-.ii 
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a 


and  therefore 


(L,-l)n 


mK.D, 


v J 7 i j 

E(  |R2(r,s)  | ) < 2j  Jt(r/2)  KjK^r.s)  i 2s  s*(r/2)  J2(r,s) 
b L„  b L_ 


where  J2(r,s)  is  a finite  number  depending  only  on  (r,s)  . 

By  (2.26)  this  last  expression  approaches  zero  as  n increases 
and  this  implies  that  R^fr.s)  converges  stochastically  to  zero  as  n 
increases,  for  all  the  pairs  (r,s)  we  are  interested  in  and  the  proof 
of  Lemma  2.8  is  completed. 


Lemma  2.9. 

The  expression  (2.66)  can  be  written  as 

V' 

l log  t (j)  ♦ 6(7, n)  (2.66) 

3-1 

where  A(7,n)  converges  stochastically  to  zero  as  n increases. 


Proof  of  Lenina  2.9. 

By  the  mean  value  theorem  we  can  write 


Z.(j)  f’(wJ(j))Z  (j) 

fln(T,U)  ► — )-t.(j)  ♦ — 

In  1 r.  1 


’/ntjO) 


^tj(j) 


for  some  w|(j)  in  the  open  interval  (l^j^j4'!)  • Therefore 


(2.66)  can  be  written  as 


* 1 fin(wi0))Zl(J) 

l log  t 0)  ♦ l log ( 1 ♦ ] 

^ tm 


j-1 


j-1 


and  this  expression  is  exactly  (2.66)  where 


V1 


. f;n("i(j))z  (j) 

A(7,n)  - l log  [ 1 ♦ ■ — , ] 


j-1 


G t\(i) 


To  show  that  6(7, n)  converges  stochastically  to  zero  as  n 
increases  we  are  first  going  to  show  that 


■ax 

i<j<Vi 


fin(SO))z,(J) 


^ tj(j) 


converges  stochastically  to  zero  as  n increases.  Since  wj(j)  (l^J^K^l) 
is  in  the  open  interval  lfin^wiCj))l  K Dj  Cl<Ji^j-l ) 

and  by  the  definition  of  bj  , tj(j)  >,  bj  (l<jiKj^l)  and  therefore 


max 

i<j<jyi 


^ tj(j) 


{ D1  maxllj<K1*l  lz]0) 


/n  bz 


Using  (2.51)  and  (2.52),  and  for  any  positive  t 


fD  max  |Z  (j)|  ^ 

J 1<J</^1  l 


V1 


/n  bZc 


z,(j) 


UIPII  p.wmnpfg 


i 


L 


W1 


l l log  t (i , J ) ♦ A (8 ,n) 
j-1  i-1 


where  A(8,n)  converges  stochastical ly  to  zero  as  n increases. 


Proof  of  Lemma  2.10. 


By  the  mean  value  theorem  we  can  write 


*2„(t2(m)  • 


Zj(i.J) 


Snt2(i , j) 


, j)  ■ t2(i,J)  ♦ 


g2n(W2(1,,M)Z2(l,,) 


G t2(l.j) 


U<j<Krl<i<K2M) 


for  some  W^(i,j)  in  the  open  interval  (B^O)  ,B22(j))  (lij^j) 
Therefore  (2.67)  can  be  written  as 


K1  V1 


K1  V1 


l l log  t (i,j)  * l l log [ 1 


82n(W2(iJ),;>)Z2(i*;i). 


' 2 v * 9 j j L L l • 2 

j-1  i-1  j-1  !■!  Sa  t2(i,j) 


and  this  expression  is  exactly  (2.67)  where 


"i  V1  s'  (*:(i.j),j)z  (i.j) 

»(8.n)  ■ l l [1  • - _ , 1 1 


j-1  i-1 


Si  t,(i,j) 
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(2.67) 


To  show  that  A(8,n)  converges  stochastically  to  zero  as  n 
increases  we  are  first  going  to  show  that 


max 


g2n(W2(1,j)’j)Z2(i’J) 


Sm  1 2 (i , j) 


iiittHfiUttiUnlH  f 


JLkjLA^un^  dJ^kdtti  < i-lniw  I,  it  nail 


4 


converges  stochastically  to  zero  as  n increases.  Since  h^(i ,))  is  in 
the  open  interval  (B21  (j ) . ®22 ( j ) ) then  |g;„ (*;(!, j)  J)  I < D, 


2n  2 


*nd  by  definition  of  b?  , tjd.J)  > b?  (1<J<JCj, 
l<4-i|C2»l)  and  therefore 

D max  |Z  (i ,5) | 

g;_(W'(i,j)J)z2(i.j) 

nax  < i 1 

lUiKj.liijyi  ^it2(i,J)  " 4bj 


Using  (2.51)  and  (2.52)  and  for  any  fixed  positive  c 


(*2  ~ 1 ‘l  V fzM.IJ  /5b2c 

P\  /5  b2  ~ j ~ 1 ' * i-i  il,  P ’ Ojo(z2(I.l) 


^1  lc2*1  f ZM.i)  >5  b2c 

il  • 2 I l r{s7i\i  m > b- 

j-1  i-1  ^ 1 2U,;m  D2  o 


b^c 

1 - 2K1(K2*1)[1  - »( £-)} 


> 1 - 


2K1(K2*l)D2o 
Sm  b^c 


and  by  expression  (2.25),  this  last  expression  approaches  one  as  n 


increases. 


Then  we  may  write  A(8,n)  as 


i 2 1 g;_(w;(ij),j)z2(i.j) 

I l [in$(i.J)]-^-^-T- L— 

)-l  i-1  ^it‘(i,J) 
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|Y*(i,1)|  converges  stochastically  to  zero 
where  ♦!  1 8 

as  n increases.  And  since 


I K1  V1  g;n(W*(i.j).j)Z2(i.j)  I VK2M)n2C2 

E ( l l T77 “ ) - 


j-i  i-i  /5  t2(i.j)  [ ^ *>2 


for  some  constant  C2  , using  the  expression  (2.25)  this  completes  the 


proof  of  Lemma  2.10. 


Lemma  2.11. 


The  expression  (2.68)  can  be  written  as 


i0g  2i  - K^Lj-  |)log  ~ - (nPj-Dlog  Pt  - \ log  Pj 


- nd-q^logO-qj)  - \ logd-qj)  ♦ &(9.n)  '• 


where  A(9,n)  approaches  zero  as  n increases. 


Proof  of  Lenina  2.11. 


In  this  proof  we  are  going  to  use  Stirling's  formula, 
[for  each  positive  integer  K , log  K!  » ^ log  2* 

♦ (K  ♦ i)  log  K - K ♦ where  |a(K)|  < 1] 


the  expression  (2.1)  and  the  Taylor  expansion  of  some  functions,  typified 
by  logdj-l)  ■ log  4 - ^ - -J  ■■■  • Then  (2.68)  c.n  be  written  as 


i 


I log  21  ♦ (n  ♦ ~) log  n - n ♦ ~ log  2t  - (npj  - ~)log(npj-l) 


■(nPj-0  j j 

♦ (npj-1)  - 2 lo*  2f  * ♦ 2)lo8^n*n<?i) 


• (n-nq  ) K 

♦ (n-nq  j)  - log  2*  - Kj  (»  ♦ 1°R  ■ ♦ Kji" 


*!»(■)  (K^l) 


log  n 


and  recalling  the  definition  of  ra  ■ Lj-1  , reordering  and  making  some 
simplifications,  this  expression  may  be  written  as 


(V»)  1 1 

— ‘-—log  2»  ♦ Kjdj-ijlog  n - Kjdj-ijlog  Lj  - (np^Dlog  Pj 


* \ *og  Pj  - nCl-q^logfl-qj)  - | logtl-q^  - 1 - Kj 


a(n)  a(nPr^  aCn-nqj)  K^CLj-l) 
n npj-1  n-nq,  L,-l 


Therefore, 


A(9,n)  - -1  - Kj  - K[(Ll  - y) log (1  - ^-)  - (nPj  - y)log(l  - ^ 


aCnp^-l)  afn-nq^  Kja  CLj - 1 ) 
nPi* 1 n-nq  ~ ' 1,-1 
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and  by  assumptions  (3)  and  (4),  the  expression  (2.19)  and  (2.72), 
expanding  the  log's  It  follows  that  A(9,n)  converges  to  zero  as  n 
increases. 


Leaaa  2.12. 


The  expression  (2.69)  can  be  written  as 


oyn  i l2  i 

Kl* 2 log  2*  ' K2(L2  rlog  ~m  ' (mT2‘1Jlog  p2  ' 2 log  p2 


- (n(l-q2)]log(l-q2)  - y log(l-q2)]  ♦ A(10,n) 


where  A(10,n)  approaches  zero  as  n increases. 


Proof  of  Lemma  2.12. 


The  proof  of  this  lemma  Is  straightforward  using  the  same  kind 
of  argument  as  the  proof  of  Lemma  2.11.  (2.69)  can  be  written  as 


* __ 

Kj  y log  2t  ♦ (m  ♦ y)  log  m - m ♦ - y log  2*  - (mp2  - y)  log  (mp2~  1) 

a(mp  -1)  j j 

♦ (mp2-l)  - -y y log  2i  - (m-mq2  ♦y)log(m-mq2)  ♦ (m-mq2) 


a(m-»q  ) K . 

HPiqT"  - T l0*  2'  ' K2CL2  - 2)Jo^CL2-1)  ♦ K2(L2-1) 


K2a(L2-l)  (K2M) 


log  ■ . 


i 
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Reordering,  recalling  expression  (2.3)  and  making  some  simplifications 
this  expression  may  be  written  as 


<yi)  i , 

— log  2*  ♦ *2 (L,  - 2)  log  ■ - K2([,2  - 2)  log  m - (i*p2-1)  log  p. 


\ log  p2  - m(l-q2)log(l-q2)  - ~ log (1 -q2)  - 1 - *2 


v n K,  M 1 , , K.  ,,  lx  a (m)  ®(mp2' 1} 

K2(L2-2)lo*(l  - L-)  - (mp2  - 2)log(l  * — ) ♦ -J“ 


**  2 * * mp  2 m mp  2 * 1 


a(«-mq2)  K2« (L2~ 1 ) 


m-mq2  L2*l 


This  expression  is  (2.69)  where  A(10,n)  is  defined  as 


K,[-l  - Kj-  ¥L2-i)log(l-J-)  - (-P2'f)log(l-^)  ♦ ^ 


a(mp2-l)  a(m-«q2)  K^a  CLj- 1 ) 


mp2-l  a-mq2 


V1 


and  by  assumptions  (8)  and  (9),  expressions  (2.23)  and  (2.72), 
expanding  the  log's  it  follows  that  A(10,n)  converges  to  zero  as  n 
increases . 


QED 


Lemma  2.13. 

The  expression  (2.70)  can  be  written  as 


IMUk 


wat*.,!.  i,_ 


<a 


^♦1) 


♦»  11  K1  L1 
2 — log  2a  ♦ - log  Pj  ♦ 2 lORCl-q,)  ♦ j log  — ♦ A(ll,n)  (2.70) 


where  A ( 1 1 ,n)  approaches  zero  as  n increases. 


Proof  of  Lemma  2.13. 


Defin* 


A(ll.n) 


<V» , n. 
~T—  lo*  72 

L1 


i . rLil<i  Li(1-vv, 

2 l0*' ~r  * — i s — • 


h , L. 

T l0*  T 


To  complete  the  proof  we  must  show  that  lim  A(ll,n)  ■ 0 . 


Simplifying,  we  may  write 


....  . (V‘>  , ml.  ml.  L?K1  1 . „ »C‘-«»i*P,J. 

4di.n)  . - -j—  io8  J--J  ios j •««  ~t-  2 lo'(!  * — rr — 

1 1 n 11 


and  recalling  the  facts  that  m ■ Lj-1  and  ■ nCq^-p^)  it  follows 

that  A(ll,n)  ■ -f (Kj»l)/2]log  (1  - i/L  ) , and  from  expression  (2.19)  it 
follows  that  A(ll,n)  approaches  zero  as  n increases. 


Lemma  2.14. 


The  expression  (2.71)  can  be  written  as 


K (K  *1)  K K U,  L 

2 lo?  2*  ♦ -y  log  P2  ♦ ~Y  log(l-q2)  ♦ — 2^  loK  — ♦ M12,n) 


(2.71) 


where  A(12,n)  approaches  zero  as  n increases. 


Proof  of  Lemi  2.14. 


Define 


A(12,n) 
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W»  .(Ij-I)  K L2K2  L (l-<,2.p2)  K K L 

— 108  — 5—  • 7 losI-l-  * S 1 

L _ W 


2 '°8  » 


Simplifying,  we  may  write 


U 12, n)  - - y log  f- 


K,(K  -.1) 

-W—  ‘o»o-q) 


K L^K 

*1  . L2R2 
__  lop 

m 


K,  m(l-q  ^p,) 

-i  logfl  ♦ k-r--— 1 

K2L2 


and  recalling  the  fact  that  it  follows 


VV15  1 

A (12, n)  ■ - log(l-  jM 


and  from  expression  (2.23)  it  follows  that  A(12,n)  approaches  zero 
as  n increases. 


QED 


Applying  the  results  of  Leiwaas  2.3  through  2.14  to  Lemma  2.2,  it 

follows  that  with  probability  approaching  one  as  n increases,  we  may 

• 

write  log  (g(Z(n)  ,<..'/(h(Z(n),n))  as  the  sum  of  expressions  (2.56)  , 
(2.57) * , (2.58)*,  (2.59)*,  (2.60)*,  (2.61)*,  (2.62),  (2.63),  (2.64), 
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(2.6S),  (2.66)  . (2.67)  , (2.68)  , (2.69)  , (2. 70)  , and  (2.71)  . That 


is  we  may  write  log  (g(Z(n)  ,n))/(h(Z(n) ,n)) 


A(i ,n)  , and  by  the 


definitions  of  the*  A(.,n)  it  follows  that  log  (g(Z(n)  ,n))/(h(Z(n)  ,n)) 
converges  stochastically  to  iero  as  n increases  and  therefore  the 
proof  of  Theorem  2.1  is  completed. 


Chapter  III 


A B I VAR  I ATI:  TeST  OF  GOODNF.SS  OF  FIT 

3.0.  Introduction 

In  this  chapter,  we  are  going  to  develop  a bivariate  test  of 
goodness  of  fit,  for  testing  that  the  sample  comes  from  a completely 
specified  continuous  bivariate  distribution.  The  distribution  theory 
on  which  the  test  is  based  was  developed  in  Chapter  II. 

In  Section  3.1,  we  will  propose  the  test  of  goodness  of  fit 
based  on  the  functions  of  order  statistics  defined  in  (2.7)  and 
(2.8). 

In  Section  3.2,  we  show  that  in  a particular  case  the  random 
variable  used  as  test  criterion  has  under  the  alternative  a known  distri- 
bution and  we  give  a concrete  example,  which  satisfies,  as  n increases, 
all  the  assumptions  of  Section  2.2. 

3.1.  The  General  Case 

Suppose  that  (X^ . (n)  , X^  (n) ) (l^*/i)  are  identically  indepen- 

dently distributed  random  variables  with  common  unknown  probability  density 
function  ffXj.x^.n)  and  we  want  to  test  the  hypothesis  that 
ftXj.x^.n)  ■ u(Xj,x^)  for  all  n , where  u(Xj,x^)  is  a completely 
specified  p.d.f.  with  corresponding  c.d.f.  UCx^.x^)  . Denote  by  u^(x^) 

the  marginal  p.d.f.,  by  Uj(Xj)  the  marginal  c.d.f., 
t np.*(J-l)L 

u/(— n L)  by  T*l(j)  » and  VTlfn)  by 
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tf(J)  *nd  let  w*(j ) he  ^tf(J)  { (nPl ♦ ( j - 1 ) Lj ) -T* ( j ) ] 

(liJiK^l)  . Define  u^fx^.j)  as  the  conditional  marginal  p.d.f., 

conditioned  on  the  Y ^ * s , and  llj . j ) the  corresponding  c.d.f. 

, mp?^(i-l)L, 

d<J<^A)  . T;(iJ)  a*  U2  ( ~ — n “ * i ) , and 

t*(i.j)  as  u2(T*(i.j),J)  (l<i<K2M  . 1<J<Kj)  • Let  W*(i,j)  he 
4t*(i,j)[Y2(n.p2^(i-l)L2,j)-T*(i,j)]  (l<i<K24l,l<J<JC,)  . Define  V*(n)  as 


« Kc?»,i2  L1,w;(l<.'1))2 


* -TTi-,—  * lml 


m(L^-l)  1 

j 


L2[W*(l,j)]2  L2[W*(K2*l,j)]2 

mp2  * m ( 1 -q2) 


♦ l [W*,(iM.j)-W*(iJ)r  . 

i»l 


Then  the  results  above  tell  us  that  for  all  asymptotic  purposes, 
when  the  hypothesis  f(Xj,x2,n)  - u(Xjfx.,)  is  true,  V*(n)  can  he 
considered  to  have  a chi-square  distribution  with  d degrees  of 


freedom. 


We  reject  the  hypothesis  if  V*(n)  is  "too  large".  Since 

t;o)w  .0) 

"l(j)“  t (17 ♦ ^ tJUJjTjfjj-TJCj)]  (l<j<^,M)  and  W*(i,j)- 

t*(i, j)W  (i , j) 

♦ ^»t*(i,j)[T2(i,j)-T*(i,j)]  (l<i<K2M,l^<K1)  we  can 

express  V*(n)  in  terms  of  W(n}  and  in  many  cases  we  can  explicitly 
find  the  asymptotic  distribution  of  V*(n)  when  the  hypothesis  is  false. 
For  such  cases  we  can  compute  the  asymptotic  power  of  a test  of  goodness 
of  fit  which  rejects  the  hypothesis  when  V*(n)  is  "too  large". 
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3.2.  A Particular  Case 

If  under  both  the  null  hypothesis  and  the  alternative  Xj  and 
X2  are  independent  random  variables  then  T*(i,j)  , T^fiJ)  , t*(i,j)  , 
tj (i * J ) (lii<^,*l , . are  real  numbers  (nonrandom  quantities). 

Then  when  the  alternative  is  true,  the  distribution  of  V*(n) 
approaches  the  noncentral  chi-square  distribution  with  d-degrees  of 
freedom  and  noncentrality  paraaeter  given  by 


nn 


I pl 


2 L,  rtJOC,-!)] 


1 


(Tj  (Kj^D-TJCKj^l)  ]* 


"1 

♦ n [ 
J-l 


tlOMJfTjUMJ-TJOMJJ-tJOJlTjOJ-Tja)! 


r 


■(L2-l)  J 


l 


L,  j-l 


L2[t*(l.j)]2 
*2 


[T2(l,j)-T*Cl . j)] 


L fti(K  *\))1 

— ■ Vq  lT2(K2Mfj)-T*(IC24l.J)l^ 


l 

i-1 


t*(i*l,j)[T2(W,J)-T5(ifj)] 


- t*(i,j)[T2(i,j)-T*(i,j)] 


3.2.1.  An  Example 

Consider  the  problem  of  testing  the  null  hypothesis  that 

f(x.,x_,n)  ■ — y y *—  versus  the  alternative  hypothesis 

* [Wxj-w*) Z][\*{x2-v'2Y] 


ii 


■rwiiftidnaftitftai  TrfMMfnm'a' , 


■ ^MPIII I ^III^F! r ? 
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that  f(Xj,x2,n)  ■ 


1 


w‘[l>(x1-M1)2][l*(x2-y2)2l 


. Since  for  both 


hypothesis,  Xj  and  X2  are  independent,  we  can  easily  conrpute  the 
quantities  defined  above. 

(M)L, 


In  this  case  T* ( j ) ■ uj+tanfxfp,* 


r n 1 . V» 


(j-l)L 


TJ(J)  - V 


2 yj  ' \ 
sin  [*(p  ♦ — -)] 

\*  Mj  , t|(j) 4 . tj(j)-tJ(j)  (lJJCj) 


(i-l)L 


2 1, 


and  T*(i,j)  - i>2  ♦ tan[x(p2  ♦ ——±  - |)  ] , lyi.j)  - T*(i,j,  - u*  ♦ \>2 


(i-l)L- 


sin  [w(p  ♦ 

t;a.j) V-i 


-)) 


, t2(i,j)  - t*(i,j)  (lii^^l.lijJCj)  . 


We  are  going  to  show  that  there  exist  numbers  pj  » P2  » q^  » q2  * 
L1  ’ L2  * Kl  * K2  SUCh  t^,t  a11  t*ie  assumptions  of  Section  2.2  are 


satisfied  for  this  example 

*1 


X1 


x2 


Let  Lj»n  , m « Lj  - 1 ■ n - 1 , L2  ■ m , p^  ■ 1 - q^  » 

X,  X 1-X  x3 

n /n  , p2  » 1 - q2  ■ m /m  and  therefore  Kj  ■ n (1  - » 

1-A,  , X4 

■ • e / • M » 

K2  ' * ' 

Assume  that  Xj  » X2  * ^3  * *4  are  rea*  numbers  which  satisfy 
the  following  assumptions. 


0<X,  <1  , 0<X_<1,0<X,  <1  , 0 < X.  < 1 
1 l 3 4 


(3.0) 


3 * *1  < 4X3 


S < 4X3  ♦ 1 . 5X j 


(3.1) 

(3.2) 


3 ♦ A,  < 4X 
l 4 


5 < 4X4  ♦ l.SX2 


1 ♦ 4X  < 4X  X ♦ 1 . 5X  X 
1 14  1 2 


By  a(3.x)  ♦ b(3.y)  we  mean  multiply  inequality  (3.x)  by  a and 
(3.  y)  by  b and  add  the  resulting  inequalities  term  by  term.  Then  the 
inequalities  given  in  Table  II  hold. 

Table  II 


Number 

Inequality 

Implied  By 

(3.6) 

3 < 2Xj  ♦ l.SXj 

(3.2)  ♦ [-2<-2X3] 

(3.7) 

0.95  < X. 

3 

1. 5(3.1)  ♦ (3.2) 

(3.8) 

6.5  < 6X3  ♦ Xj 

10  2 
-y(3.7)  ♦ j(3.2) 

(3.9) 

3 < 2A  ♦ 1 . 5 A 
4 2 

(3.4)  . [-2<-2X4] 

(3.10) 

0.95  < A, 

4 

1.5(3. 3)  ♦ (3.4) 

(3.11) 

6.5  < 6A  ♦ A 

4 2 

y(3.10)  . |(3.4) 

(3.12) 

1 ♦ 2A  < 2A  A ♦ l.EA  A 
1 14  12 

(3.5)  ♦ X1[-2<-2X4] 

(3.13) 

1 < 1.5X 

(3.2)  and  [*3<ll 

(3.14) 

1 < ^d^4) 

(3.13)  and  (3.10) 

y Uij^i)  then  by  definitions  (2.11)  through  (2.1ft)  it 

w(W(x2-u2)  ] 

follows  that 

2 2 
sin  (wp  ) sin  («p  ) 

bl i ■ b2  • —7 • "i  ■ B2  ' 7 ’ B11  ■ •*  • 

(3. 15) 

512  * • B21(^  * "*  and  B22(i)  " 


Since  fjn(x)  exists  and  |fjn(x)|  < 1 for  all  x and  all  n , then 

assumption  (12)  holds  and  Dj  * 1 for  all  n . 

Since  g2n(x,j)  exists  and  !g2n(x,J)|  < 1 for  all  x and  all  n , then 

assumption  (13)  holds  and  ■ 1 for  all  n . 

Since  by  (3.0)  and  (3.15),  8^  ■ , BJ2  « ♦•  , 0 < p^  , < 1 for  all  n 

and  1 1 (1 ) , Tj(l)  , tj(Kj*l)  and  Tj(Kj*1)  are  finite  for  all  n , 

then  assumptions  (30)  and  (31)  hold. 

Since  by  (3.0)  and  (3.5),  B2J (j ) « --  , B22(j)  ■ (l<J</j)  , 0 < p?  , 

q2  < 1 for  all  n and  t2(l  , j)  , T2(l ,))  , t^K^l , j ) and  T,(K2*l,j) 

(1<J<^j)  are  finite  for  all  n , then  assumptions  (32)  and  (33)  hold. 

With  the  Table  III  we  are  going  to  show  that  all  the  other 
assumptions  hold. 
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Ttble  III  (Continued) 


2 


Table  III  (Continued) 


Assumption  Condition  For  This  Case  Restatement  of  Implied 

Condition  by 


(28)  lim  — — — 2 - 0 I 1b  ^n-2n 

rr*«  /T.b  rr~  1 

2 2 n 


1 ♦ < 2A4  (3.12) 


[m-2m  *]m2 

X2  5X4  X2/2 
mm  m 


♦ 1 . 5A  jX  2 


■K  D 

(29)  li.  -r-f-j  - 0 
ir~  Ll,sbj 


3 4 

tl  (n-2n  )■ 

ll“  x. S\  ' 41  ■ 0 

n-**»  2 4 

■ m 


1 ♦ 4A  ,<  4A  A (3. S) 
1 14 


♦ J.SA^ 


Therefore  given  numbers  * *2  ’ X3  ’ X4  **ti*»y  (3-0) 

through  (3.5)  all  the  assumptions  from  Section  2.2  hold. 

Therefore  since  A,  ■ A.  ■ 0.95  and  A,  ■ A.  ■ 0.99  satisfy  (3.0) 

j 4 12 

..  . ..  . -0.05  , 0.95  0.99  , 

through  (3.5),  then  ■ 1 - ■ n , ■ n , m ■ n -1  , 

L2  ■ m0,9^  , p2  » 1 - q2  ■ m satisfy  all  the  assumptions,  for  this 

example.  And  therefore  the  results  of  Section  2.4  hold. 

Then  when  the  alternative  is  true  V*(n)  , for  large  n , has 

approximately  a noncentral  chi-square  distribution  with  d-degrees  of 

freedom  and  noncentrality  parameter  given  by 


Lj  sin  (ip^  Lj  sin  (sqj) 

p.  ^ 1 q, 


ll  [ 2 (j4l)Ll  2 

♦ n l sin  [*(p.  ♦ fl-sin  [*(p 

j-1  L n 


■ (L^-DKjfpj-w;)2  fl2  sin4(*p2)  L2  sin4(irq2) 


Appendix  A 


ASYMPTOTIC  EQUIVALENCE 
A. 1 . Historical  Background 

The  concept  of  asymptotic  equivalence  of  two  sequences  of 
probability  distributions,  where  all  terms  in  both  sequences  were  defined 
on  the  same  space  and  there  was  no  requirement  on  the  existence  or  non- 
existence of  a limiting  distribution  for  both  sequences,  was  introduced 
by  Ikeda  [9]  as  a way  to  formulate  the  problem  of  asymptotic  approxima- 
tion in  a generalized  form  and  to  study  asymptotic  independence.  He 
generalized  a notion  of  asymptotic  independence  of  two  random  variables 
introduced  by  Jeffroy  [11]  in  the  study  of  extreme  values. 

The  notion  was  implicitly  generalized  by  Neiss  [20],  studying 
asymptotic  distribution  theory  for  samples  drawn  from  distributions 
approaching  the  uniform  distribution  as  the  sample  size  increases, 
where  he  considered  two  sequences  of  random  variables  where  the  nth 
term  of  each  sequence  was  defined  on  the  same  dimensional  space,  but 
the  dimension  increased  with  n ; and  he  gave  a sufficient  condition  for 
the  asymptotic  equivalence  of  the  two  sequences  as  we  will  define  it  in 
this  appendix.  This  result  will  be  stated  in  this  appendix  as  Theorem  A. 1. 

Weiss  [21]  applied  asymptotic  equivalence  again  to  prove  the 
asymptotic  joint  normality  of  an  increasing  number  of  sample  quantiles, 
where  the  distributions  from  which  the  samples  were  drawn  were  univariate 
continuous,  defined  on  the  interval  [0,1]  , the  p.d.f.'s  for  all  n were 
bounded  from  above  and  below  by  two  constants  independent  of  n , the 
absolute  value  of  the  second  derivative  was  bounded  by  a constant 
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independent  of  n and  the  p.d.f. 's  and  its  two  first  derivatives  were 
continuous  in  the  open  interval  (0,1)  and  on  the  right  at  0 and  on 
the  left  at  1 . In  this  case  the  n1^  term  of  both  sequences  were 
defined  in  the  k(n)-dimensional  euclidean  space  with,  k(n)  • n1_fl-l  , 

0.75  < 6 < 1 . 

Another  application  given  by  Weiss  (22],  used  asymptotic 
equivalence  to  study  the  asymptotic  joint  normality  of  an  increasing 
number  of  order  statistics,  where  the  distributions  from  which  the  samples 
were  drawn  were  assumed  to  be  univariate  continuous,  for  each  n , the 
derivative  of  the  p.d.f.  exists  and  its  absolute  value  is  less  than  a 
bound  depending  on  n . The  assumptions  are  that  we  move  into  both  tails, 
but  not  too  fast,  and  some  compromises  concerned  with  the  speed  in 
moving  into  the  tail,  the  graduality  of  the  increasing  number  of  order 
statistics  under  consideration,  the  separation  in  order  of  those  order 
statistics,  and  the  smoothness  of  the  p.d.f.  It  is  also  assumed  that 
the  order  statistics  are  sample  quantiles  and  that  as  n increases, 
the  population  tends  to  cover  all  the  real  line  and  there  is  a compromise 
between  the  speed  at  which  it  does  it  and  all  the  other  elements  mentioned 
earlier.  Another  point  is  that  Weiss,  in  the  proof  that  for  this 
case  the  sufficient  condition  (see  Theorem  A)  holds,  assumed  that  the 
actual  distribution  was  the  normal  one.  He  didn't  make  use  of  this 
point  in  his  earlier  papers. 

Ikeda  and  Matsunawa  [10],  generalizing  Weiss  [21]  slightly, 
under  essentially  the  same  assumptions,  formalized  the  concept  of 
asymptotic  equivalence  for  the  case  we  are  considering  in  this  appendix. 

Another  application  was  given  by  Weiss  [23]  in  studying  the 
problem  of  testing  the  hypothesis  that  the  sample  came  from  the  uniform 
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distribution,  when  the  samples  are  drawn  from  a distribution  with  p.d.f. 
r ( x ) 

1 ♦ J , x in  the  open  interval  (0,1)  , r(x)  unknown  but  satisfying 

/n 

some  regularity  conditions.  He  proved  the  asymptotic  normality  of  a 
gradually  increasing  number  of  order  statistics,  and  their  asymptotic 
sufficiency. 

A.  2.  Asymptotic  Equivalence  of  Sequences  of  Random  Variables 

Let  { X* (n ) ) , (Y*(n)}  be  sequences  of  random  variables  such 
that  X*(n)  and  Y*(n)  are  K(n)  dimensional  random  variables,  let 
fy*(x#(n))  and  fy.(y*(n))  denote  the  p.d.f.  if  they  are  continuous 
or  its  probability  mass  function  if  they  are  discrete.  L“t  t"  be  the 
collection  of  sequences  of  random  variables  such  that  the  n^  term 
of  the  sequence  is  a k(n)  dimensional  random  variable,  and  let 
i R (n ) ) be  a sequence  of  measurable  regions  such  that  R(n)  is  a K(n) 
dimensional  measurable  region. 

Definition  A.  1 

The  sequences  (X*(n)}  , { Y*  (n) } are  asymptotically  equivalent, 
(denoted  by  (X*(n)}  'v  { Y* (n) ) ),  if  for  any  sequence  { R (n ) ) 

1 im  |P(X*(n)  c R(n) } -P{Y* (n)  c R (n) } j - 0 . 

n-*» 


Weiss  [20]  and  [21]  has  proved  the  following  theorem. 

Theorem  A. 1 

If  ( X* (n) ) and  (Y*(n)}  are  elements  of  C , a sufficient 
condition  for  (X*(n)}  n.  (Y*(n)}  is  that  log  fy#  (X*  (n)  )/f  (X*  (n) ) 


mmm 
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converges  stochastically  to  zero  as  n increases  or  equivalently 
that  fy,(X*(n))/fx#(X*(n))  converges  stochastically  to  one  as  n 

increases. 

Lven  though  not  needed  for  this  thesis,  it  seems  to  us  useful 
to  introduce  the  following  two  lemma?  . 

i Lemaa  A. 1 

Asymptotic  equivalence  is  a equivalence  relationship  on  <.  . 
Proof  of  Lemma  A. 1 

rf  

' From  the  definition  A. 1 it  is  obvious  that  for  any  (X*(n)}  e C 

and  any  { Y * (n ) } c 0 

i)  { X*  v*n) } % {Y* (n) } , 

ii)  (X*(n) } % { Y* (n) } implies  (Y*(n)}  'v  { X* (n) } . Given  { X* (n) ) , 
(Y*(n)}  , { Z* (n) } elements  of  C and  any  { R (n) > , from  the  fact  that 

|p{X*(n)e  R(n)}-P{Z*(n)  c R(n)}| 

< | P{X* Cn)  c R(n)}-P{Y*(n)  e R(n)  )| 

♦ |P{Y*(n)  e R(n)}-P{Z*(n)c  R(n) } | 

which  implies 

lim  | P{ X* (n)  c R(n) }-P{Z * (n)  c R(n)}| 

JV**» 

< lim  |P{X*(n)  t Rfn)}-P{Y*(n)  c R (n) ) ( 
n-w» 

♦ lim  | P{ Y* (n) c R(n) )-P{Z*(n)  c R (n) > | 
n-*» 
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